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Abstract 

Stimulated Raman scattering of a laser pump pulse seeded by a Stokes pulse generically leaves a two-level medium 
initially at rest in an excited state constituted of static solitons and radiation. This is proved by building the IST solution 

of SRS on the semi-line, when the group velocity dispersion is not neglected. The procedure shows moreover that initial 
Stokes phase flips induce pump output with an extremely narrow spectral shape before complete depletion, related with 
Raman spikes of pump radiation. @ 1999 Elsevier Science B.V. 

1. Introduction 

Stimulated Raman scattering (SRS) of high energy 
Laser pulse in two-level medium has been intensively 

studied these last years (see, e.g., the review [ I] ), 
more especially after the experiments by Driihl, Wen- 

zel and Carlsten [ 21 showing that spikes of pump ra- 
diation (Raman spikes) occur spontaneously in the 
pump depletion zone, see also [ 31. Consequently, non- 
linear Raman amplification was used as a means to 
observe at the macroscopic level the fluctuation of the 
phase of the initial Stokes vacuum [4]. 

The SRS equations possess a Lax pair [5] and, 
as a consequence, theoretical and experimental works 
were partly devoted to the search of the Raman soli- 
ton predicted in [ 51. In particular, it has been be- 
lieved [ 61 that the spike of pump radiation observed 
in [ 21 is a soliton which, in the inverse spectra1 trans- 
form scheme (IST), would be related to the discrete 
part of the spectrum. However, it has been proved that 
the observed Raman spike is not a soliton but merely 
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a manifestation of the continuous spectrum [ 71. 

Then the question of the creation of a genuine Ra- 
man soliton is still an open problem (for 20 years 

now). We show here that the SRS equations, written 
with careful consideration of the group velocity dis- 

persion and solved as a boundary value problem on 
the semi-line, do induce the generation of solitons by 

pair, and that, after the passage of the pulses, the soli- 
tons are static in the medium. Although the solitons 
are not seen in the output pump intensity (where only 
Raman spikes are seen), the signature of the soliton 

birth lies in the phase of the pump output, which re- 
mains to be experimentally measured. 

The efficiency of the method of solution serves not 
only as a basis for seeking the Raman soliton, but also 
to evaluate exactly the result of any Raman amplifi- 
cation. Indeed, the SRS equations are solved for ar- 

bitrary values of the input (x = 0) pump and Stokes 
pulses on a medium with any initial (t = 0) state. The 
original problem is reduced to a Riccati equation (29 ) 
and linear integral equations (30). In many interest- 
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ing cases the Riccati equation (29) can be explicitly 
solved and important physical information, such as the 
output laser fields, can he obtained without solving 

Eqs. (30). 
As a consequence, we show that when the initial 

Stokes input is given a phase flip such as to gener- 

ate a Raman spike [ 2,3], the pump output shows a 
long delay in depletion corresponding to a very nar- 
row spectra1 shape. This process can be thought of as 

a means to generate highly monochromatic pulses. 

2. The SRS equations 

For completeness we provide hereafter the deriva- 

tion of the SRS equations when group velocity dis- 
persion (GVD) is taken into account. In such a situa- 
tion it is necessary to consider the lineshapes of laser 

fields. We start with the standard model [9] for the 
interaction of light with a material medium schemati- 
cally represented by a collection of harmonic oscilla- 

tors (or vibrons) of frequency WV, mass m and ampli- 
tude of vibration Xv!%. The molecular polarizabil- 

ity is expanded in Talor series as (Y + Xa’ such that 

the macroscopic polarization is given in terms of the 
electric field of frequency w by 

P= ecN[cu(w) + Xcr’]E(W). (1) 

The differential polarizability at equilibrium LY’ is as- 

sumed to be a constant, while the GVD is accounted 
for by the dependence of cy on the light field frequency 
w. In the following we shall consider polarized light 

beams and use only scalar fields. 
The equation of motion for the dynamical variable 

X, together with the Maxwell equation for the electric 

field E, reads then [9] 

Xrr + w;X = E~cY’E~, 

c2EZz - Er = Na(w)ETT + NcY’(XE)~, (2) 

which implies the following linear dispersion relation, 

W=L’(W)k, u(w) = [, (3) 

The physical problem we are interested in is the in- 

teraction of two wave packets of peak frequencies WL 

and ws resonating on the medium transition frequency 
WV, that is to say obeying the Brillouin selection rules, 

WL - 0s = WV ) kL - ks = kv (4) 

We shall make use of the notation UL = U( wL), 
~1s = I:(ws), and describe the slow variations of the 
envelopes of both waves by the multiscale expansion 

E( Z, T) = E el(krZ-wlT) 

s 
dw Q ( v, 5,~) ei(KL5-V7) 

+ eei(krz--o,5r) 9 

Irs 
dw a~( Y, 6, r) ei(K~Ff-“T) 

WL 

+ C.C., (5) 

in the slow variables 

(=eZ, T=ET. (6) 

Here above we have defined w = WL + EY (so as for 
L t-) S), and hence the corresponding wave number 
variations are given by 

KL(Z’) = Y 
1 - tiLkL dV 

) CL=- , 
L’L dw 

WI. 
L* s. (7) 

The integration variable has been kept as w to avoid a 
resealing of the field amplitudes. Finally, the medium 

dynamical variable is also set in the form of a slowly 
varying envelope as 

X(Z,T) =&([,r)e i(kvz-wvr) + c.c. 
(8) 

Inserting these expressions in the system (2). and 
carefully considering the expansions 

aa 
LY(WL+U)=ffL+EY&/_, . - 

aL = dw o,. ) 

LHS, (9) 

and the relation between by and &L resulting from (3), 
we finally arrive at 

= jvsPQ*aL( v) e-ilK.d”)-K! (v) It , 
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d 
-iwv -Q = E~LU’ 

WS SJJ - 
dr wL 

dwdw’a&)a;:(v’) 

35 

The system (16), ( 17) can be solved on the infinite 
line x E (-00, +co) for arbitrary asymptotic bound- 
ary values [ 81 and it has been proved in [ 71 that this 
allows the interpretation of the experiments of [2]. 
We will demonstrate that it can be solved completely 

on the semi-line x E [ 0, co), which actually furnishes 
the solution at any point n = L and hence solves the 

finite interval case as a free end problem. The input 
boundary values are defined as 

x eilK,.(V)--K.~(y’)lSeily--y’lr 

where we have defined the constant 

( 10) 

We seek now an integrable limit of the above system 

by assuming small group velocity dispersion, namely 

L’S = L’ , L’L=U+d, (11) 

which implies a linear dependence on the frequency 
and hence 

&Y? 
lj, = lj, = ____ 

WL - ws 
(12) 

Consequently, the phase occurring in the system (10) 
becomes from (7) and WV/k” = u + 0(e), 

Kg(v)-KL(v)=2~-$=2k, (13) 

which defines the spectral parameter k, proportional 
to I/, used now as the variable describing the spectral 

extension of input wave packets. Note that the zero 
group velocity dispersion limit S + 0 corresponds to 
k = 0. Note also that dw = E dv = u2/Sdk. 

Defining finally a retarded frame as 

and the new variable 

(14) 

4(.x, 1) = iuPQ([, 7) , (15) 

the system of equations for the electric field compo- 

nents reads 

a,aL = qas ezikx , axas = -q*aL emzikx. (16) 

In the evolution of the medium dynamical variable 
we keep a significant resonance term v = V’ and we 
arrive at 

d,q = -g dkaLaz e J -2ikx 
, (17) 

where the coupling constant reads 

(18) 

al(k,O,f) = JL(k,r), 

ustk,O,r) = Js(k,t). 

where JL and Js are arbitrary. 

(19) 

3. Lax pair 

The time evolution ( 17) results as the compatibility 
condition U, - I’, + [U, V] = 0 for the Lax pair (x 2 

0. t L O), 

40~ = Urp + ikpus , (20) 

‘p, = vq + (pe-ikvrlr aeikau , 
(21) 

where the dispersion relation 0 is x-independent and 

dA v=$ - 
J ( /aLi* - /asI* 2aLa,se-2iAx 

A-k 2&Luse2iA” InsI’ - IaLl 1 
(22) 

V(k) is discontinuous, therefore only the limits V* = 
V( k * i0) are defined on the real k-axis. Such is also 

the case for 0, and a* will have to be determined 
from the boundary conditions on the solution p. 

4. Scattering problem 

Following standard methods in spectral theory, see 
e.g. [ IO], we define the solutions qof and P”- accord- 
ing to 
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These solutions obey the @T(i) 

cp; the Riemann-Hilbert relations 

and the bounds 

(23) 

ig2 x 

(24) 

x=0: q+=(; 7). y). 

x-+m: qo++ ( l/7- 0 
e2ikxp*/7+ 7 

> 
3 

which define the reflection coefficient p and the trans- 
mission coefficient r (p* ( k) stands for ,G( k) ) Note 
that det{(o(x)} = det{r&oo)} = 1, hence for real k, 

1712 = 1 + lp12. (26) 

The column vectors p: and ‘p; are entire functions 
in the k-plane, with good behaviors as k 4 03 in the 
upper half-plane for 40: (and the lower one for ‘py ) 
The vector ql is meromorphic in the upper half-plane 

with a finite number N of simple poles k, (and ppI in 

the lower one with poles f,) . Consequently, r and p 

have meromorphic extensions in the upper half-plane 
where they possess the N simple poles k, (the bound 
states locations). In particular, we have the relation 
obtained by a limit procedure on (23)) 

Is;cs((D~~} = c,‘pF( kz) exp[ -2ik,fx] , 
0 

c* = Resp. I, k,, 
(27) 

5. Solution of SRS 

From the boundary data ( 19) we have readily 

= JL’P: + JsqD; e2ik*. (28) 

After careful computations of the boundary values of 

(2 I), using separately pot and rp-, we obtain both lim- 

its R+ and K of R and the following time evolution 
of the scattering coefficient p( k, t), 

pr = -p2C+[nz*] - 2pc+[4] -c+(rrl] , 

4 = $R(IJLI’ - IJs12). (29) 

The reconstruction proceeds through the solution of 
the Riemann-Hilbert problem (24)) which reads 

where C+ (resp. C- ) is a contour from -co + i0 to 
+co + i0 (resp. from --03 - i0 to +co - i0) passing 
over all poles k,, of p( k) (resp. under k,). Remember 

the notation p* ( A) = p(i) 
Since m and 4 are continuous bounded functions of 

k, the coefficients of the Riccati equation (29) are an- 
alytic functions in the upper half k-plane, where pre- 
cisely p is meromorphic at time t = 0. Consequently, 
p remains meromorphic at later times, which allows to 
prove (see appendix) that the reconstructed fields do 

obey the system of equations ( 16), ( 17), or in short 
that the reconstructed P does obey (25). Without such 
a theorem, the method would fail. 

The formulae (29) and (30) with (28) furnish the 
solution of ( l6), ( 17), in particular the output field 
values at x = L (whatever may be q for x > L). In 
the limit L + 03, and by (25), the solution becomes 
explicit, and for instance the output pump reads 

x+00: a. - i .JL ~ e Js . (31) 7 7 
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6. Evolution of laser pulses 

We are interested here in the physically relevant 
case when the medium is initially in the ground state, 

that is p( k,O) = 0. Next we choose a Stokes wave 
as a portion of the pump wave, both with Lorentzian 

lineshape, namely, for K > 0, 

~JL(* = IA(t T(k2: K2) , Js =e-Y-iH(‘) JL, 

where A(t) is the pulse shape of duration t,, (t > 
t,,, + A(t) = 0). The parameter y (real positive con- 
stant) measures the ratio pump/Stokes inputs. Con- 

sidering the case when the input Stokes wave experi- 
ences one phase flip at some time to, we choose the 
phase 0(t) = 0 for t < to and 0(t) = n- for t > to. 

It follows from contour integration that the Riccati 
equation (29) can be rewritten as 

Taking into account the phase flip, the general solution 
with zero initial datum reads 

t<ro: 
sinh S 

‘= cosh(6-y) ’ 

t>to: 

(32) 

pa cosh( 6 - 60 + y) - sinh(d - Sa) 

P=cosh(6-6e-y) -Posinh(a-80)’ 
(33) 

with pa = p( k, to), 80 = 6( k, to) and the definitions 

iT( t) 
6(k,t) = - 

k+iK’ 
I 

T(t) = $g( 1 + eezy) 
s 

dt’ \A12. 

0 

(34) 

7. Soliton generation 

Let us consider first the case with no phase flip, that 
is to > t,],. The spectral transform p, given by (32)) 
has an infinite set of moving poles k,,(t), n E Z, given 

by 

k,, = --ix + 
T(r) 

(n + ;)7r - iy ’ 
(35) 

which are associated with solitons as soon as they lie 

in the upper half plane (in the lower half plane they 

are the resonances). 
As t evolves, and for a given linewidth K, these poles 

move from the point -iK and they may cross the real 
axis (and generate solitons) if T(t) is large enough, 
which means enough energy in the input pulses. More- 

over, since k,, = -k+_l, sohtons are created by pair. 
After the passage of the pulse ( t > f,,, ) , m and 4 van- 
ish in (29)) T(t) is constant, and hence the whole so- 

lution becomes r-independent. Consequently, the laser 
pulses leave in the medium a$rrite number of static 
bi-solitons. 

The question of their observation is not straightfor- 
ward. Indeed, taking for simplicity the case of an infi- 
nite medium, the pump output is given in (3 I ) where 
the coefficients p and r are understood for real values 
of k (the essential mismatch). The main point here is 
that both l/r and p/7 are holomorphic functions in 
the upper half-plane of k, and hence an integrated in- 
tensity like s dk 1~~1~ will not show the presence of 
the poles k,. Moreover, if at t = t,Y a resonance crosses 

the real axis at k, to become a bound state (soliton 

birth), the output intensity at that particular value k,v 
will simply show a full depletion ( 1 /T( k,) = 0 and 

Ip(k,)/r(k,~)l = 1). 
We remark here that, in the sharp line limit K -+ 

0, go --) cste, and without phase flip in the Stokes 

input, the infinite set of poles k,, coalesce in k = 0 
which implies that the solution becomes self-similar 

(the self-similar solution of SRS is analyzed in [ I2 ] ) . 
A self similar solution of SRS in the case of zero 
GVD (and without Stokes phase flip) was recently 
and independently demonstrated in [ II] by a different 
technique. 

8. Stokes phase flip and Raman spike 

As shown in [7], the spike ofpump radiation ob- 
served in [ 21 and largely studied later, occurs at time 

t, for which p(k, tr) = 0. Indeed, then 17( k, tr) ) = I 
and from (31) the pump (intensity) is fully repleted. 
The spike (in the time domain) can then be seen only 
for long pulses, for which damping (homogeneous 
broadening) allows the spike to take place in the de- 
pletion region of the pump output. In our case, how- 
ever, as damping is neglected, the spike is not visible 
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Fig. I. Pump output intensities (arbitrary units) at T = 0 (dashed 

line) and T = IO (full line) with no phase flip for the upper figure 

and a phase flip at T = I .X7841 for the lower one. 

in the time domain but observable in the spectral do- 

main as shown below. 
The expression in (33) gives that p vanishes at t, 

for 

coth( Sa) - coth( 6, - 60) = 2 tanh y , (361 

which relates tn (instant of phase flip) and t, (instant 

of Raman spike) to the pulse area through (34). We 
plot in Fig. 1 the output intensities la~( k) 1’ as given 
by (3 I ), for different values of the normalized time 

T(t) defined in (34), namely T = 0 (dashed lines) 

and T = 10 (full lines). In the absence of phase flip 
in the initial Stokes input, the effect of pump deple- 

tion (Stokes amplification) is seen on the upper fig- 
ure where all frequencies components (with enough 
energy) are depleted. However, when a phase flip is 
introduced at time ra such that Eq. (36) possess a so- 
lution, the k = 0 mode, corresponding to the very fre- 
quency WL, is not depleted for a long time (here the 
spike starts to decrease after T = 28). The parameter 
chosen to illustrate the spike are K = 3, y = 1 and a 
normalized input s dk jJL( k, t) )* = 1, which actually 
means that jA( t) j* = I (the field amplitudes can be 
normalized to arbitrary units). 

We note finally that the occurrence of a phase flip 
alters the denominator of p, which can be used to 
change the discrete spectrum and hence to modify the 
soliton part of the solution. 

9. Conclusion 

The following results have been obtained: 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

The proof that genuine Raman solitons do occur 
in SRS experiments and cannot be detected in 
the energy of the output but probably in its phase. 
The spontaneous generation of solitons out of 
vacuum in an integrable system. 
The complete solution by IST of the boundary 

value problem for SRS on the semi-line. This 
solution relies on the analytical properties of the 
nonlinear Fourier transform p( k, t) which are 
cortserved in the time evolution. 
The proof that Raman spikes are generic as they 
occur as well for short duration pulses, as sus- 

pected in the experimental work [ 31. 
The proof that in the sharp line limit and with the 
proportional pump/Stokes input on a medium 
initially at rest, the solution is self-similar. 
The striking spectral distribution of the output 
laser pump in the presence of initial Stokes phase 

flip. 

10. Comments 

(1) 

(2) 

(3) 

The IST solution of SRS on the semi-line has 

been considered in [ 131 for the sharp line case 
by using an approximate evolution equation for 
the reflection coefficient. 
IST on the semi-line for the nonlinear Schro- 

dinger equation has been considered in [ 141, 
and the problem is considerably more difficult 

mainly because of the necessity of the knowl- 
edge of additional constraints in x = 0 (e.g., 
the time derivative of the field). The initial- 
boundary value problem for SRS in the case of 
exact resonance where recently studied in [ I I 1. 
Initial problems with asymptotic boundary con- 

dition for Self Induced Transparency equations 
were solved in [ 81. The initial boundary value 
problems for SIT equations were tackled inde- 
pendently by one of the authors (A.V.M., in 
1986, unpublished) and by [ 151. 
At the moment we are not able to extract, from 
the explicit form of the spectral data, the ex- 
plicit form of the potential (the medium exci- 
tation field), mainly because p has an essential 
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singularity in k = iK. However, the method pro- 
vides the explicit form of the physically relevant 
quantities which are the light pulses output val- 
ues. We believe that the theory of approximate 
solutions of the inverse scattering problem can 

be developed. 

Appendix A 

We prove here the following. 

Theorem 1. the solution qS(k, x, t) of the Cauchy- 

Green integral equation 

coincides with the solution cp( k, x, t) of (23) if 

(1) 

(2) 

the reflection coefficient p possess a meromor- 
phic continuation in the upper half-plane with 
simple poles k, and residues c,,, and 
the potential is given from 4 by 

q( .r, t) = 2i4j:’ (x, t) , (A.21 

where 4,2 (i) denotes the coefficient of I/k in 
the Laurent expansion of the matrix element 

@(k, X, f). 

Prou$ The first step is to verify from (24) that the 
function 4 is solution of the differential problem (20). 
This is easily done by following the method of [ 171, 
in short, prove the relation 

(A.3) 

and integrate it with the information 

&k)=I++“+.... (A.4) 

Then the solution 4 of (30) solves the spectral prob- 
lem (20) with the potential (A.2). 

The second step consists in proving 

@T=& &=Pp;* (A.5) 

which is achieved just by comparing the values of 
these vectors in n = 0. Indeed from (A. I), the Cauchy 
theorem leads to 

vx<o: m:=(;), (b;=(y). (A.61 

Consequently, the two matrices (4:, 4;) and (cp:. 
~~1) solve the same first order differential problem 
and have the same values in x = 0, so (AS) is proved. 

The last step results in the proof that 

4: =40,* +;=GQ;. (A.7) 

which has to be done in the same way but with the 

behaviors as x 4 00 instead of the bounds in x = 0. 
As x + 00, the behavior of 4 is not well defined and 
it is convenient to work with the new function 

p( k. x, t) = exp[ ikajx] 4( k, x. t) exp[ -ikaJx] , 

(A.81 

which from (A. 1) verifies 

P;=Pu:-DP;, 

P:=& +PcL:T (A.9) 

From (AS) and (25) we already have as x + 00. 

hence as x + 00, we get by means of (26). 

(A.1 I) 

which proves (A.7) and ends the demonstration of the 
theorem. 0 
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