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Pure N=2 SUSY (Short review)

L = 1/gTr(F2 + iθFFD + [Φ,Φ∗]2 + |DΦ|2) + Fermions

We can add to this theory the matter supemultipletsmultiplets q which

belong to some representation of gauge group:

δL = 1/gTr(|Dq|2 + |Φq|2 + |Mq|2 + ...

Instantons are the solution to equation

F = FD

The action on the instantons with topological number m is m8π2/g2

Vacuum moduli space: [Φ,Φ∗]2 = 0. For gauge group SU(2) it can

be represented as Φ = aτ3. This destroys SU(2) symmetry up to U(1)

and gives masses to vector particles (W -bosons). In the theory appear

also magnetic charged particles (monopoles) which are the solution to

equation

Fij = ǫijkDkΦ
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2D CFT (review)

• We have the complete set of local fields {Ok(ξ)}

Oi(ξ)Oj(0) =
∑

k

Ck
ij(ξ)Ok(0).

• The structure constants Ck
ij(ξ) are subject to associativity condition

• In CFT the set {Ok(ξ)} can be decomposed as

{Ok(ξ)} =
∑

n
[Φn].

• The ancestor of each family Φn is called primary field

Φn(z, z̄) −→
(

dw

dz

)∆n (
dw̄

dz̄

)∆̄n

Φn(w, w̄), z → w(z), z̄ → w̄(z̄)
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• Other representatives of [Φn] are called descendant fields

∆
(k)
n = ∆n + k, ∆̄

(k̄)
n = ∆̄n + k̄,

• In two dimensions the conformal group is Vir ⊗ V̄ir

[Ln, Lm] = (n − m)Ln+m +
c

12
(n3 − n) δn+m,0,

[L̄n, L̄m] = (n − m)L̄n+m +
c

12
(n3 − n) δn+m,0,

• And hence the conformal family is a tensor product [Φn] = πn ⊗ π̄n

[Φ] = {Φ,Φ(−1),Φ(−1,−1),Φ(−2), . . . } ⊗ {. . . }

• One can show that OPE of primary fields has a form

Φ1Φ2 =
∑

k

Ck
12

(

Φk + β1Φ
(−1)
k + β1,1Φ

(−1,−1)
k + β2Φ

(−2)
k + . . .

)

⊗(. . . )
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• We can introduce the notion of the conformal blocks. They represent

holomorphic contributions to the multi-point correlation function

〈Φ1(z1, z̄1) . . .Φn(zn, z̄n)〉
and can be represented as

∆1

∆2 ∆3 ∆n−2 ∆n−1

∆n
∆̃1 ∆̃2 ∆̃n−4 ∆̃n−3

• It is also convenient to choose z1 = 0, zn−1 = 1, zn = ∞ and

zi+1 = qiqi+1 . . . qn−3 for 1 ≤ i ≤ n − 3,
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• Then the conformal block is a power series expansion

F(q|∆i, ∆̃j, c) = 1 +
∑

~k

q
k1
1 q

k2
2 . . . q

kn−3
n−3 F~k

(∆i, ∆̃j, c),

where the coefficients F~k
(∆i, ∆̃j, c) are some rational functions of ∆i,

∆̃j and the central charge c.

• There exists an algebraic procedure allowing to compute F~k
(∆i, ∆̃j, c)

which is equivalent to the computation of the matrix elements

〈i|Lk′1
. . . Lk′mΦk(1)L−kn . . . L−k1

|j〉
using

Ln|j〉 = 0 〈j|L−n = 0 for n > 0,

L0|j〉 = ∆j|j〉 〈j|L0 = ∆j〈j|
[Ln, Lm] = (n − m)Ln+m +

c

12
(n3 − n) δn+m,0,

[Lm,Φk(z)] =
(

zm+1∂z + (m + 1)∆kzm
)

Φk(z)

and

〈i|Φk(z)|j〉 ∼ z∆i−∆j−∆k
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• Alday, Gaiotto and Tachikawa suggested to consider the function

Z(q|∆i, ∆̃j, c)
def
=

n−3∏

k=1

n−3∏

m=k

(1− qk . . . qm)2αk+1(Q−αm+2) F(q|∆i, ∆̃j, c),

where

∆k = αk(Q − αk), c = 1 + 6Q2.

• They proposed that Z(q|∆i, ∆̃j, c) coincides with instanton part of

the Nekrasov partition function for U(2) ⊗ · · · ⊗ U(2)
︸ ︷︷ ︸

n−3

N = 2 super-

symmetric gauge theory with 4 fundamental and n−4 bifundamental

hypermultiplets and qm = exp(8π2/g2
m + iθm)

• The function Z(q|∆i, ∆̃j, c) has been computed by Nekrasov

Z(q|∆i, ∆̃j, c) = 1 +
∑

~k

q
k1
1 q

k2
2 . . . q

kn−3
n−3 Z~k

(∆i, ∆̃j, c),
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The coefficients Z~k
(∆i, ∆̃j, c) have explicit combinatorial expressions

Z~k
(∆i, ∆̃j, c) =

∑

~λ1,...,~λn−3

Zvec(P1, ~λ1) . . . Zvec(Pn−3, ~λn−3)×

× Zbif(α2|P, ∅;P1, ~λ1)Zbif(α3|P1, ~λ1;P2, ~λ2)Zbif(α4|P2, ~λ2;P3, ~λ3) × . . .

· · · × Zbif(αn−2|Pn−4, ~λn−4;Pn−3, ~λn−3)Zbif(αn−1|Pn−3, ~λn−3; P̂ , ∅).

where ∆k = αk(Q − αk),

∆1 =
Q2

4
− P2, ∆n =

Q2

4
− P̂2 and ∆̃j =

Q2

4
− P2

j ,

and ~λ = (λ1, λ2) is the pair of Young diagrams such that |~λj| = kj

∆1

∆2 ∆3 ∆n−2 ∆n−1

∆n
∆̃1 ∆̃2 ∆̃n−4 ∆̃n−3
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• The function Zbif is given by (Q = b + 1/b)

Zbif(α|P ′, ~µ;P,~λ) =
2∏

i,j=1

∏

s∈λi

(

Q − Eλi,µj

(

Pi − P ′
j

∣
∣
∣s

)

− α
)

×

×
∏

t∈µj

(

Eµj,λi

(

P ′
j − Pi

∣
∣
∣t

)

− α
)

,

where ~P = (P,−P ), ~P ′ = (P ′,−P ′) and

Eλ,µ

(

P
∣
∣
∣s

)

= P − b lµ(s) + b−1(aλ(s) + 1).

• We choose the English convention to draw partitions. For example

the partition λ = (4,3,2,1,1) is drawn as follows

s

• Zvec(P,~λ) = 1/Zbif(0|P,~λ;P,~λ).
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Special basis of states in Vir⊗H

• We consider the algebra A = Vir ⊗H

[Ln, Lm] = (n − m)Ln+m +
c

12
(n3 − n) δn+m,0,

[an, am] =
n

2
δn+m,0, [Ln, am] = 0.

• We will parametrize the central charge c of Virasoro algebra as

c = 1 + 6Q2, where Q = b +
1

b
,

and define the primary field Vα as

Vα
def
= Vα · V L

α ,

where V L
α is the primary field of Virasoro algebra and Vα:

Vα = e2(α−Q)ϕ−e2αϕ+,

with ϕ+(z) = i
∑

n>0
an
n z−n and ϕ−(z) = i

∑

n<0
an
n z−n.
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Proposition: There exists unique orthogonal basis |P 〉~λ such that

~µ〈P ′|Vα|P 〉~λ
〈P ′|Vα|P 〉 = Zbif(α|P ′, ~µ;P,~λ).

We stress that the conjugation in the algebra A is defined as

(

L−kn . . . L−k1

)+
= Lk1

. . . Lkn, (a−n)
+ = an,

and the conjugation of the state |P 〉~λ does not involve complex conjuga-

tion of its coefficients, i.e. for |P 〉~λ given by

|P 〉~λ =
∑

|~µ|=|~λ|
C

µ1,µ2
~λ

(P ) â−µ1L̂−µ2|P 〉,

we define conjugated state ~λ
〈P | by

~λ
〈P | =

∑

|~µ|=|~λ|
C

µ1,µ2
~λ

(P ) 〈P |(â−µ1)
+(L̂−µ2)

+.
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Examples:

|P 〉{1},∅ = − (

L−1 + i(Q + 2P )a−1
) |P 〉,

|P 〉∅,{1} = − (

L−1 + i(Q − 2P )a−1
) |P 〉,

|P 〉{2},∅ =
(

L2
−1 − b−1(Q + 2P )L−2 + 2i(Q + b−1 + 2P )L−1a−1−

−(Q + 2P )(Q + b−1 + 2P )a2
−1 − ib−1(Q + 2P )(Q + b−1 + 2P )a−2

)

|P 〉,

|P 〉∅,{2} =
(

L2
−1 − b−1(Q − 2P )L−2 + 2i(Q + b−1 − 2P )L−1a−1−

−(Q − 2P )(Q + b−1 − 2P )a2
−1 − ib−1(Q − 2P )(Q + b−1 − 2P )a−2

)

|P 〉,

|P 〉{1,1},∅ =
(

L2
−1 − b(Q + 2P )L−2 + 2i(Q + b + 2P )L−1a−1−

−(Q + 2P )(Q + b + 2P )a2
−1 − ib(Q + 2P )(Q + b + 2P )a−2

)

|P 〉,

|P 〉∅,{1,1} =
(

L2
−1 − b(Q − 2P )L−2 + 2i(Q + b − 2P )L−1a−1−

−(Q − 2P )(Q + b − 2P )a2
−1 − ib(Q − 2P )(Q + b − 2P )a−2

)

|P 〉,

|P 〉{1},{1} =
(

L2
−1 − L−2 + 2iQL−1a−1 + (1 + 4P2 − Q2)a2

−1 − iQa−2

)

|P 〉.
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Integrals of Motion

One can check that the states |P 〉~λ are the eigenstates of the following

infinite system of the Integrals of Motion

I2 = L0 − c

24
+ 2

∞∑

k=1

a−kak,

I3 =
∞∑

k=−∞,k 6=0

a−kLk + 2iQ
∞∑

k=1

ka−kak +
1

3

∑

i+j+k=0

aiajak,

I4 = 2
∞∑

k=1

L−kLk + L2
0 − c + 2

12
L0 + 6

∞∑

k=−∞,k 6=0

∑

i+j=k

L−kaiaj+

+ 12

(

L0 − c

24

) ∞∑

k=1

a−kak + 6iQ
∞∑

k=−∞,k 6=0

|k| a−kLk+

+ 2(1 − 5Q2)
∞∑

k=1

k2a−kak + 6iQ
∑

i+j+k=0

|k| aiajak +
∑

i+j+k+l=0

: aiajakal :

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Let us represent Virasoro generators Ln in terms of bosons ck by

Ln =
∑

k 6=0,n

ckcn−k + i(nQ − 2P)cn, L0 =
Q2

4
− P2 + 2

∑

k>0

c−kck,

[cn, cm] =
n

2
δn+m,0, [P, cn] = 0, P|P 〉 = P |P 〉, 〈P |P = −P 〈P |.

Proposition: The states |P 〉λ,∅ and λ,∅〈P | can be defined as

|P 〉λ,∅ = Ωλ(P ) J
(1/g)

λ (x)|P 〉, λ,∅〈P | = Ωλ(P ) 〈P |J(1/g)

λ (y),

where g = −b2,

a−k − c−k = −ib pk(x), ak + ck = −ib pk(y),

with pk(x) being k-th power sum symmetric polynomial pk(x) =
∑

j xk
j

and J
(1/g)

λ (x) is the Jack polynomial associated with the Young diagram

λ normalized as (“integral form” normalization)

J
(1/g)

λ (x) = |λ|!m[1,...,1](x) + . . . ,

where m[ν1,...,νn](x) is the monomial symmetric polynomial.
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• The factor Ωλ(P ) is defined by

Ωλ(P ) = (−b)|λ|
∏

(i,j)∈λ

(2P + ib + jb−1),

index i runs vertically and j runs horizontally over the diagram λ.

• Calculation of matrix element
µ,ø〈P ′|Vα|P〉λ,ø

〈P ′|Vα|P 〉 .

There are infinite number of points αn where the screening condition

is satisfied:

P + P ′ + α + nb = 0

In this case our matrix element possesses free field representation.

We introduce screening charge:

S =
∫

C
e2bφ(ξ)dξ, φ = iP log ξ + i

∑

k 6=0

ck

k
ξ−k

which commutes with Virasoro algebra, and introduce the screened

vertex operator:
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V L
αn

(z) = Sne2αnφ(z)

where the contours of integration start at point z and go around 0 coun-

terclockwice.

The right and left operators A−k, Bk

A−k = a−k − c−k, Bk = ak + ck

commute and have a simple CR with e2bφ(z)

[
i

b
A−k, e2bφ(z)

]

= z−ke2bφ(z),

[
1

ib
Bk, e2bφ(z)

]

= zke2bφ(z)

Operators A−k commute with Vα and [1ibBk, Vα(1)] = 2α−Q
b Vα(1).

The calculation of matrix element reduces to the calculation of the Sel-

berg average:

µ,ø
〈

P ′|Vαn|P
〉

λ,ø

〈P ′|Vαn|P 〉 = Ωµ(P
′)Ωλ(P )

〈

J(1/b2)[pk + ρ]J(1/b2)[p−k]
〉(n)

Sel

〈1〉(n)
Sel

where ρ = 2α−Q
b and 〈On〉(n)

Sel denotes:
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1

n!

∫ 1

0
..

∫ 1

0
O(t1, .., tn)

n∏

i<k

|ti − tk|−2b2
n∏

j=1

tAj (1 − tj)
Bdtj

with parameters A = −b(Q + 2P ), B = −2bαn. This integral can be cal-

culated and gives the expected result for matrix element.

• We note that Ωλ(P ) vanishes for

P = Pm,n = −mb + nb−1

2
, for (m, n) ∈ λ

• At P = Pm,n the Verma module |P 〉 is degenerate, i.e. there exists a

singular vector |χm,n〉 at the level mn

|χm,n〉 def
= Dm,n|Pm,n〉 =

(

Lmn
−1 + . . .

)

|Pm,n〉,
such that Lk|χm,n〉 for any k > 0.
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Proposition: Let us define the operator X~λ
(P ) = Xλ1,λ2

(P ) as

X~λ
(P )|P 〉 def

= |P 〉~λ,

then the following relation holds

Xλ,∅(Pm,n)|Pm,n〉 = (−1)mnXλ1,λ2
(Pm,−n)Dm,n|Pm,n〉 for (m, n) ∈ λ,

where the pair of Young diagrams (λ1, λ2) is defined by the following

“cutting” rule

-
¾

6?

λ1

λ2

m

n

λ →

This equation can be considered as a definition of Xλ1,λ2
(P ) at P =

Pm,−n.
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Integrals of Motion and Classical Limit

One can check that the states |P 〉~λ are the eigenstates of the following

infinite system of the Integrals of Motion

I2 = L0 − c

24
+ 2

∞∑

k=1

a−kak,

I3 =
∞∑

k=−∞,k 6=0

a−kLk + 2iQ
∞∑

k=1

ka−kak +
1

3

∑

i+j+k=0

aiajak,

I4 = 2
∞∑

k=1

L−kLk + L2
0 − c + 2

12
L0 + 6

∞∑

k=−∞,k 6=0

∑

i+j=k

L−kaiaj+

+ 12

(

L0 − c

24

) ∞∑

k=1

a−kak + 6iQ
∞∑

k=−∞,k 6=0

|k| a−kLk+

+ 2(1 − 5Q2)
∞∑

k=1

k2a−kak + 6iQ
∑

i+j+k=0

|k| aiajak +
∑

i+j+k+l=0

: aiajakal :

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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• In semiclassical limit b → 0

T → −Q2u, ∂ϕ → −Qv, [ , ] → −2iπ

Q2
{ , },

we find that u and v satisfy Poisson bracket algebra relations

{u(x), u(y)} = (u(x) + u(y)) δ′(x − y) +
1

2
δ′′′(x − y),

{v(x), v(y)} =
1

2
δ′(x − y), {u(x), v(y)} = 0.

One can recover classical Hamiltonian system taking H =
∫

G3(y)dy

G3 = uv + vDv +
1

3
v3,

where D = d
dxH and H is the operator of Hilbert transform defined by

the principal value integral

H F (x)
def
=

1

2π
−
∫ 2π

0
F (y) cot

1

2
(y − x) dy,
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• So, we defined integrable system of equations






ut + vux + 2uvx + 1
2vxxx = 0,

vt +
ux
2 + Hvxx + vvx = 0,

• It possesses infinitely many conserved quantities Ik =
∫

Gkdx

G2 = u + v2,

G3 = uv + vDv +
1

3
v3,

G4 = u2 + 6uv2 + 6uDv + 5v2
x + 6v2

Dv + v4,

G5 = u2v +
1

2
uDu + 2uxvx + 4uvDv + v2

Du + 2uv3 +
3

2
vxDvx+

+ 3 vv2
x + 2v(Dv)2 +

4

3
v3

Dv +
1

2
v2

Dv2 +
1

5
v5,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

• It is convenient to represent u = w2 − wx and define ψ = v + iw

ψt +
i

2
ψ∗

xx + ψψx + H Reψxx = 0,
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Nekrasov Part. Funct. and Zamolodchikov’s Rec. Rel.

One-point conformal block F(∆)
α (q) is defined as the contribution to the

trace of the conformal family with conformal dimension ∆ = Q2

4 + P2

F(∆)
α (q)

def
= Tr∆

(

qL0− c
24Vα(0)

)

= 1 +
2∆ + ∆2(α) − ∆(α)

2∆
q + . . .

It was proposed by Alday, Gaiotto and Tachikawa that

F(∆)
α (q) =




q

1
24

η(τ)





2∆(α)−1

Z(ε1, ε2, m, a),

where Z(ε1, ε2, m, a) is the instanton part of the Nekrasov partition func-

tion in N = 2∗ U(2) SYM with

P =
a

~
, α =

m

~
, ε1 = ~b, ε2 =

~

b
,

where a is VEV of scalar field, m is the mass of the adjoint hypermultiplet

and εk are the parameters of the Ω background. Parameter q is given by

q = e2iπτ , where τ =
4iπ

g2
+

θ

2π
.
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Nekrasov partition function

Z(ε1, ε2, m, a) = 1 +
∞∑

k=1

qkZk,

can be represented as a sum over partitions. Let ~ν = (ν1, ν2) be the pair

of Young diagrams with the total numbers of cells equal to N . Then

ZN =
∑

~ν

2∏

i,j=1

∏

s∈νi

(Eij(s) − α)(Q − Eij(s) − α)

Eij(s)(Q − Eij(s))
,

where

Eij(s) = 2Pǫij − blνj(s) + b−1(aνi(s) + 1),

aν(s) and lν(s) are respectively the horizontal and vertical distance from

the square s to the edge of the diagram ν.

• AGT relation for N = 2∗ theory can proved using Al. Zamolodchikov’s

recursive formula
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• The coefficient ZN can be represented as the contour integral

ZN =
1

N !

(

Q(b − α)(b−1 − α)

2πiα(Q − α)

)N ∮

C1

. . .
∮

CN

N∏

k=1

P(xk + α)P(xk + Q − α)

P(xk)P(xk + Q)
×

×
∏

i<j

x2
ij(x

2
ij − Q2)(x2

ij − (b − α)2)(x2
ij − (b−1 − α)2)

(x2
ij − b2)(x2

ij − b−2)(x2
ij − α2)(x2

ij − (Q − α)2)
dx1 . . . dxN ,

where P(x) = (x−P1)(x−P2) with P = (P1−P2)/2. The contour Ck

surrounds poles xk = P1, xk = P2, xk = xj + b and xk = xj + b−1.

• A singularity in ZN = ZN(α,∆) (∆ = Q2/4 + P2) can happen when

two poles of the integrand pinch the contour. One can show that

Res ZN(α,∆)

∣
∣
∣
∣
∣
∣
∆=∆m,n

= Rm,n(α)ZN−mn(α,∆m,−n),

where Rm,n(α) is exactly the same as prescribed by Alyosha Zamolod-

chikov’s recursion formula.
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• So, the singular part of the Nekrasov partition function coincides with

the singular part of the one-point conformal block.

• The non-singular part which can be obtained in the limit ∆ → ∞. It

can be found using well known “hook-length” formula




q

1
24

η(τ)





1−λ

= 1 +
∞∑

k=1

ξk(λ)qk,

with

ξN(λ) =
∑

ν

∏

s∈ν

(

1 − λ
(

1 + lν(s) + aν(s)
)2

)

.

the sum goes over all ν’s with the total number of cells equal to N .

• Comparing asymptotics of the conformal block and Nekrasov partition

function one finds the coefficient of proportionality in AGT formula.
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• Seiberg-Witten prepotential can be obtained in the semiclassical limit

~ → 0

Z(ε1, ε2, m,~a) → exp

(
1

~2
F (m,~a|q) + O(1)

)

.

• To derive this limit from the Liouville point of view we consider two-

point function with one degenerate field

Ψ(z) ∼ 〈V− b
2
(z)Vα(0)〉

This function satisfies Scrödinger equation
(

−∂2
z +

b2m2

~2
℘(z)

)

Ψ(z) =
2ib2

π
∂τΨ(z).

• We look for the solution in the form

Ψ(z) = exp

(
1

~2
F(q) +

b

~
W(z|q) + . . .

)

with prescribed monodromy e2iπa around A-cycle.
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• WKB approximation gives

W(z|q) =
∫ √

E(q) + m2℘(z)dz, E(q) = 4q∂qF(q).

• With E(q) given in parametric form
∮

A

√

E(q) + m2℘(z)dz = 2iπa,

the prepotential F(m,~a|q) can be calculated as follows

F(m,~a|q) =

(

a2 +
m2

12

)

log(q) − 4m2 log(η(τ)) + F(q),

• The integral over B-cycle defines aD
∮

B

√

E(q) + m2 ℘(z) dz = 2iπaD,

which is the derivative of the total prepotential (including classical

and perturbative part) with respect to a.
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Conformal Toda Theory (review)

sl(n) CTT is described by the density of Lagrangian:

1

2π
∂φ∂φ + κ

n−1∑

i=1

eei·φ

where φ = (φ1, .., φn−1) and ei are the simple roots of sl(n), ∂ = ∂z CTT

possesses W− symmetry, generated by currents Wk(z). Let hi are the

weights of the first fundamental representation with h.w. ω1 : hk =

ω1 − ∑k−1
1 ei. We define the Miura transformation: φ → W

n∏

i=0

(Q∂ + hn−i · ∂φ) =
n∑

k=0

Wn−k(z) (Q∂)k

which establishes the representation for currents Wk(z). W0 = 1,W2 =

T (z). The primary fields of W−algebra are the exponential Toda fields

Vα(z):

Vα = eα·φ
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Wk(z)Vα(z′) =
wk(α)

(z − z′)k
Vα(z′) + O((z − z′)−k+1)

The Weyl invariant functions wk(α) determine h.w. representation. We

introduce Weyl vector ρ−half of the sum of positive roots and define

vector P = α − Qρ. Let parameters xi = hi · P ,then w2 = ∆ and w3 are:

∆ =
1

2
((Qρ)2 −

n∑

1

x2
i ), w3 =

1

3

n∑

1

x3
i .

W−symmetry together with three point functions of primary fields do not

fix in general conformal blocks. However, they fix completely the blocks:
〈

Vα1(z1)Va2ω1(z2)Va2ω1(z3)...Vak−1ω1(zk−1)Vαk(zk)
〉

According to the AGT-Wyllard conjecture this block coincides with in-

stanton contribution of k − 3 SU(n) gauge theories coupled with n fun-

damental n anti-fundamental and k −4 bifundamental matter super mul-

tiplets.
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Integrals of Motion and Matrix Elements

I
(n)
1 = L0 +

∑

a−kak

I
(n)
3 = i

n3/2

2
Q

∞∑

k=1

a−kak + 2
∞∑

k=−∞
a−kLk +

1

3

∑

i+j+k=0

aiajak + n1/2W
(0)
3

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

The eigenvectors Ψ~ν,P of I
(n)
3 are parametrized by n partitions ~ν =

(ν1, .., νn), and corresponding eigenvalues are:

I3 =
n∑

i=1

q
(3)
i (xi, νi)

where q(3)(x, ν) = i(−2|ν|x + 1
b

∑

l νl(νl + 2(l − 1)b2)).

The similar property of decomposition is valid for eigenvalues Ik of all

integrals I
(n)
k
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The matrix elements of vertex operator

Va(z) = e
√

naϕ+e−
√

n(Q−a)ϕ−Vaω1(z)

in the basis of these vectors F ν
ν′(a, P, P ′) =

〈

Ψ~ν,P |Va(1)|Ψ~ν′,P ′
〉

〈

Ψ~0,P
|Va(1)|Ψ~0,P ′

〉 are equal

F~ν
~ν′(a, P, P ′) =

n∏

i,j=1

∏

s∈ν′i

(Q − Eν′i,νj
(xj − x′i|s) − a)

∏

t∈νj

(Eνj,ν
′
i
(x′i − xj|t) − a)

This expression coincides with Zbif derived by Nekrasov in instanton cal-

culations.

The norms N~ν(P ) of the vectors Ψ~ν,P are equal to F~ν
~ν (0, P, P ):

N~ν(P ) =
n∏

i,j=1

∏

s∈νi

(Q − Eνi,νj(xj − xi|s))
∏

t∈νj

(Eνj,νi(xi − xj|t))

and coincides with Z−1
vec
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Classical Integrable System

It is convenient to introduce the fields

φj =
1√
n
(ϕ + hj · φ)

which in the classical limit have the canonical Poisson brackets:
{

φi(x), φj(y)
}

= δi,jδ
′(x − y).

In terms of these fields two first classical densities of integrals have a

form:

G
(n)
2 =

n∑

k=1

φ2
k

G
(n)
3 =

1

2i
φ̂Dφ̂ +

n∑

j>k

φj∂φk − 1

3

n∑

k=1

φ3
k

where φ̂ =
∑n

j=1 φj, and D is derivative of Hilbert transform on the circle.

H F (x)
def
=

1

2π
−
∫ 2π

0
F (y) cot

1

2
(y − x) dy,

Let

σ[i] = 1 if i > 0, 0 if i = 0, −1 if i < 0.
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Then equations of motion with Hamiltonian I
(n)
3 can be written as:

1

i
∂tφj +

1

i
Dφ̂ +

n∑

k=1

σ[j − k]∂2
xφk − 2φj∂xφj = 0

These equations admit the “reality” conditions φ∗
k = −φn+1−k

In the limit n → ∞ we can define the variable y = j
n, denote φj = nχ j

n
and

introduce the function u(x, y, t) = χy(x, nt) which satisfies the equations:

1

i
∂t∂yu + 2∂2

xu − ∂x∂yu2 = 0,

1

i
∂tu(x,0, t) +

∫ 1

0
(
1

i
Du(x, y, t)x − u(x, y, t)xx)dy − ∂xu2(x,0, t) = 0

These equations have a stationary solution (soliton)

u(x, y) = (1/2 − y) cot(x/2 + sign(y − 1/2)iη)

This solution is large n limit of of smooth in j solution of system of

equations for φj

φj = (
n + 1

2
− j) cot(x/2 + sign(j − n + 1

2
)iη)
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